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Abstract— This paper is a synopsis of the two least squares 
approaches developed in [1] for the perpendicular joining of a 
flat graphene sheet with a carbon nanotube. The two least 
squares approaches are the variation in the bond length and the 
variation in the bond angle. These are used to examine the joined 
structure of a zigzag (8,0) carbon nanotube with a flat graphene 
sheet. There are sixteen possible distinct defects corresponding to 
the number of atoms at the (8,0) tube open end, and therefore, in 
total sixteen joining structures need to be investigated. Moreover, 
the polygons that occur at the junction are determined and are 
shown to be consistent with Euler’s theorem. Assuming that only 
pentagons, hexagons and heptagons are acceptable, the number 
of possible structures is greatly reduced, but there is only one 
structure that is physically meaningful. These purely geometrical 
approaches can be formally related directly to a certain 
numerical energy minimization method used by a number of 
authors [2-5]. 
Keywords-component; Carbon nanotube, Graphene sheet, 
Joining nanostructures, Variation in bond length, Variation in 
bond angle 
I.  INTRODUCTION 
Nanotechnology is a major focus in science and 
technology, and most research in this area deals with chemical, 
physical and biological issues or a combination of these areas, 
and very little work has so far been undertaken on 
mathematical modeling. In this study, we utilize classical 
applied mathematical modeling procedures and elementary 
geometrical principles to investigate the perpendicular joining 
structure between a flat graphene sheet and a carbon nanotube. 
For future nano-electronic systems, graphene sheets might 
be needed as platforms to transmit signals to other materials 
through carbon nanotubes. The connection of graphene sheets 
with carbon nanotubes is an interesting problem that may have 
many potential applications. Here, we examine a particular 
perpendicular connection of a zigzag (8,0) carbon nanotube 
and a graphene sheet. Two least squares approaches are 
employed. These are the variation in the bond length, which 
seeks to minimize the distance between an atom on the tube 
open end and an atom on the sheet from the ideal bond length 
, and the variation in bond angle, which involves fixing all the 
bond lengths to be exactly  and then minimizing the bond 
angle. Furthermore, Euler’s theorem, which is widely used to 
determine the geometrical structure for carbon nanostructures 
[6-9], is utilized to confirm the correctness of the polygons 
occurring at the junction. 
We also comment that our two approaches are directly 
related to the computer simulations of [2-5], which minimize 




where kr, k and k are certain bond stretching, bending angle 
and torsional constants, respectively, r0, 0 and 0 are the 
equilibrium values of the bond length, bond angle and ideal 
phase angle for this bond type, respectively, and n is an integer. 
In general, from the above equation our variation in bond 
length approach corresponds to taking the bond stretching 
energy, and similarly, our variation in bond angle approach 
corresponds to taking only the angle bending energy into 
account. 
The variation in bond length is detailed in the following 
section. Sixteen possible distinct defects on the flat graphene 
sheet, which can be considered as a platform to connect the 
(8,0) carbon nanotube, are classified in section II. Once the two 
structures are joined, Euler’s theorem is utilized to determine 
the most likely physical structure and the result is presented in 
section III. In section IV, the chosen configuration from section 
III is reconsidered using the variation in bond angle approach. 
Finally, a summary is given in section V. 
II. VARIATION IN BOND LENGTH 
Firstly, we employ a least squares approach to the bond 
length. The basic idea is that we seek to minimize the variation 
in distance between an atom on the tube open end and the 
adjoining atom on the sheet from the ideal bond length σ, 
which is taken to be 1.42 Å. We assume that the atom positions 
on the tube end and the graphene sheet are fixed. There are 
eight atoms on a (8,0) tube end that must be connected to the 
tube by two carbon bonds, so that they require one more bond 
to complete the sp2 structure. Consequently, the defect on the 
graphene sheet must have eight atoms which each require one 
further bond to complete the structure, and there are sixteen 
possible defects to which the (8,0) tube might be joined which 
are shown in Figure 3.   
In Cartesian coordinates (x, y, z), the flat graphene sheet is 
assumed to be located in the (x, y) plane, and the ith atom on 
the sheet is assumed to have the position vector ai = (axi + X, 
ayi + Y, 0). The sheet is allowed to move in both the x- and y-
directions by the distances X and Y, respectively, which can be 
either positive or negative. The position vector of the ith atom 
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on the tube is assumed to be given by bi = (bxi, byi, l) where l is 
the assumed spacing between the tube and the sheet in the 
positive z-direction. Moreover, we suppose that the tube can 
be rotated by an angle θ. Adopting a least squares approach, 
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where |ai - bi| is the Euclidean distance between an atom on the 
tube end and an atom on the sheet. The numerical values for 
the least squares function f and the number of polygons Pn, 
where n is the number of sides occurring at the junctions, are 
shown in Table 1.  
 
TABLE 1. Values of function  f (Å2) and polygons Pn  
 


















































































































III. EULER’S THEOREM 
In this section, we begin by considering Euler’s theorem 
which states that; 
(3) 
 
where F, V and E denote the number of faces, vertices and 
edges for the given polyhedron and  is the Euler characteristic. 
Since any surface which is homeomorphic to a sphere has an 
Euler characteristic of 2, all the polygons occurring at the 




However, a square ring is believed to be very unstable for a 
carbon network [6] and experimentally defects in the carbon 
nanotube are observed to have only pentagons and heptagons 
[8]. Therefore, only configuration #6 meets these requirements 
and the resulting three dimensional structure is shown in 
Figure 2(a). 
IV. VARIATION IN BOND ANGLE 
In this section we examine the variation in bond angle 
approach. We attempt to minimize the variation of the bond 
angle at each connection site from the maximum normal 
physical value for both the sheet and the tube. For the graphene 
sheet, the bond angle is assumed to be 120˚, while the bond 
angle for the (8,0) nanotube is taken from the new model of 
carbon nanotubes which properly incorporates the curvature of 
Cox and Hill [10] and which is found to be 118.70˚. 
Since the atomic networks on both the sheet and the tube 
are formed from hexagonal rings, a general procedure to 
determine the position vectors of all atoms at the junction is 
given by: 
i. Find the point M which is the mid-point of A1 and A2, 
ii. Find the vector U = MA3, 
iii. Find the unit vector V = A1A2/|A1A2| which is 
perpendicular to U, 
iv. Determine the vector W which is perpendicular to both 
U and V and has the same magnitude as U; namely W 
= U × V, 
v. The atom position is then given by M + Ucos + 
Wsin, 
where A1, A2 and A3 are the atoms position as shown in Figure 
1. The atom A3 which is the joining position can move around 
a circular path and whose position is determined by an angle . 
Moreover, each bond length which joins between an atom on 
the tube to one on the sheet is restricted to be 1.42 Å. We refer 
the reader to Baowan et al. [1] for the full details of this 
method. 
 
Figure 1.  Position vectors for the variation in bond angle approach. 
 
Here, we examine the joining of the (8,0) tube with the 
defect #6 identified as the most likely configuration from the 
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bond length approach. Again by using the minimization 
process, the three dimensional structure is shown in Figure 
2(b).  
We comment that in terms of the variation in bond length, 
all bond lengths on the tube and the sheet are fixed. However, 
the bond lengths which connect between the atoms at the tube 
open end and the atoms on the sheet may vary from the 
assumed bond length , which means that the variation in bond 
length approach affects both the bond stretching and the bond 
angle terms in the energy equation (1). On the other hand for 
the variation in bond angle approach, all the bond lengths are 
fixed and only the bond angle varies, and therefore, the bond 
stretching term will always be zero. 
From Figure 2, it is clear that the two approaches give very 
similar structures in terms of the atom locations. In order to 
give a more mathematical measure to the difference between 
the atom locations, we determine the mean absolute error for 
which we obtain a difference in bond length of 26.19%. 
However, the theoretical structures examined here have yet to 
be confirmed either experimentally or by molecular dynamics 
simulation. 
 
Figure 2.  Three dimensional illustrations for (8,0) connection with grapheme 
sheet by (a) variation in bond length and (b) variation in bond angle. 
V. SUMMARY 
Two least squares approaches are undertaken here to 
determine the joined structure between a flat graphene sheet 
and a zigzag (8,0) carbon nanotube. The composite structure is 
regarded as a possible future nanoelectromechanical device to 
transmit signals to other materials which employs the sheet as a 
platform. In this study, sixteen distinct defects on the sheet, 
corresponding to the number of the atoms at the (8,0) tube open 
end, are proposed. All the bond lengths for both the sheet and 
the tube are assumed to be  = 1.42 Å, the bond angle of the 
sheet is taken to be 120˚, and the bond angle for the (8,0) tube 
is the value proposed in the new geometric model of carbon 
nanotubes by Cox and Hill [10] which is 118.70˚. 
The variation in bond length approach is employed to 
minimize the deviations of the joining distances between atoms 
on the tube open end and atoms on the sheet from the ideal 
bond length . On the other hand, for the variation in bond 
angle method, we fix all the bond lengths to be  and then seek 
to minimize the bond angles from the physical bond angle 
values. We comment that both variation approaches are closely 
related to the bonded energy equation that is widely used by a 
number of authors [2-5]. Furthermore, Euler’s theorem is 
utilized to verify the polygons which occur at the connection 
site, and it can be shown that the polygons obtained are all 
compatible with Euler’s theorem. However, we note that such 
theoretical structures have yet to be confirmed either 
experimentally or by molecular dynamics simulations. Finally, 
we note that the corresponding problem for the perpendicular 
joining of a boron nitride nanotube and a boron nitride sheet is 
examined in the recent paper [11]. However, due to the 
alternating boron and nitrogen atoms in boron nitride 
structures, the defined defects are more complicated, and the 
mathematical ideas developed there are quite different to those 
elucidated here. 
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Figure 3.  Sixteen possible defects which require another eight bonds for sp2 network where a black square is the first atom on the sheet.  
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